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Abstract
Let (X,OX) be a compact (reduced) complex space, bimeromorphic to a Kähler manifold. The singular
cohomology groups Hq(X,C) carry a mixed Hodge structure. In particular they carry a weight filtration
W−lHq(X,C) (l = 0, . . . , q), and the graded quotients W−lH
q(X,C)
W−l−1Hq(X,C) have a direct sum decomposition
into holomorphic invariants as
⊕
r+s=q−l (
W−lHq(X,C)
W−l−1Hq(X,C) )
(r,s)
. Here we investigate the relationships be-
tween the above invariants for r = 0 and the cohomology groups Hq(X, O˜X), where O˜X is the sheaf of
weakly holomorphic functions on X. Moreover, according to the smooth case, we characterize the topolog-
ical line bundles L on X such that the class of c1(L) in W0H
2(X,C)
W−1H 2(X,C)
has pure type (1,1).
© 2010 Elsevier Masson SAS. All rights reserved.
Résumé
Soit (X,OX) a espace complexe compact biméromorphe a une variété Kählerienne. Les groupes de
cohomologie singulière Hq(X,C) portent une structure de Hodge mixte. En particulier ils portent une
filtration poids W−lHq(X,C) (l = 0, . . . , q), et les quotients gradués se décomposent en somme directe
d’invariants holomorphes : W−lH
q(X,C)
W−l−1Hq(X,C) =
⊕
r+s=q−l (
W−lHq(X,C)
W−l−1Hq(X,C) )
(r,s)
. Nous étudions les relations
entre ces invariants pour r = 0 et les groupes de cohomologie Hq(X, O˜X), oú O˜X est le faisceau des
fonctions faiblement holomorphes sur X. En outre, comme dans le cas lisse, nous caractérisons les fibrés
topologiques L on X tels que c1(L) dans W0H
2(X,C)
W−1H 2(X,C)
soit de type (1,1).
© 2010 Elsevier Masson SAS. All rights reserved.
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1. Introduction
Let (X,OX) be a compact (reduced) complex space, bimeromorphic to a Kähler manifold.
The singular cohomology groups Hq(X,C) carry a mixed Hodge structure. In particular they
carry a weight filtration W−lHq(X,C) (l = 0, . . . , q), and the graded quotients W−lHq(X,C)W−l−1Hq(X,C)
have a direct sum decomposition into holomorphic invariants as
⊕
r+s=q−l (
W−lHq(X,C)
W−l−1Hq(X,C) )
(r,s)
.
It is natural to ask wether such invariants can be described as cohomology groups of coherent
sheaves on X. Here we investigate the relationships between the above invariants for r = 0 and
the cohomology groups Hq(X, O˜X), where O˜X is the sheaf of weakly holomorphic functions
on X. We find that there exists an increasing weight filtration W−lHq(X, O˜X) on the cohomology
groups Hq(X, O˜X) such that(
W−lHq(X, O˜X)
W−l−1Hq(X, O˜X)
)

(
W−lHq(X,C)
W−l−1Hq(X,C)
)(0,q−l)
, l = 0, . . . , q
The subspace W−(q+1)Hq(X, O˜X) does not vanish in general and it represents the part of the
cohomology group Hq(X, O˜X) which is not associated to singular cohomology classes of X
(see remark in Section 4). Only for q = 1 we are able to prove that W−2H 1(X, O˜X) = 0, hence
that H 1(X, O˜X) can be fully described by means of the singular cohomology of X via mixed
Hodge theory.
The second part of the paper is devoted to the study of line bundles on X. According to the
smooth case, we try to characterize the topological line bundles L on X such that the class of
c1(L) in W0H
2(X,C)
W−1H 2(X,C)
has pure type (1,1). We find that such bundles carry some weak holomor-
phic structure; we call them generalized holomorphic bundles. Moreover we can prove that the
Chern class of a holomorphic line bundle cannot belong to W−1H 2(X,C), except if it is zero.
2. Mixed Hodge structures
Let (X,OX) be a paracompact (reduced) complex space, and CX the sheaf of continuous
functions on X.
If X is smooth we denote EkX the sheaf of smooth differential forms of degree k on X.
For a complex space X, following [1,2] for every X we define a family of complexes
R(X) = {(Λ.X, d)} and for every morphism h : X → Y a family R(h) of morphisms of com-
plexes between the Λ.Y ∈ R(Y ) and some of the Λ
.
X ∈ R(X), more precisely morphisms
φ : Λ.Y → h∗Λ
.
X which we simply denote φ : Λ
.
Y → Λ
.
X and call pullback with the following
properties.
(I) Λ.X is a fine resolution of CX , so that there are isomorphisms in cohomology:
Hk
(
X,Λ
.
X
) Hk(X,C) (2.1)
(II) For k > 2 dimX, Λk = 0.X
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morphism f : X → Y between smooth complex manifolds the ordinary De Rham pullback
f ∗ : E .Y → f∗E
.
X is an admissible pullback.
(IV) There exists a smooth, open, dense analytic subset U ⊂ X such that the restriction Λ.X|U
is the ordinary De Rham complex E .U . Here analytic means that the complement of U in X is an
analytic subspace of X.
The family of pullback satisfies the following properties.
(C) (Composition). Let g : Z → X, f : X → Y be two morphisms, α : Λ.Y → Λ
.
X ,
β : Λ.X → Λ
.
Z two pullback; then the composition β ◦ α : Λ
.
Y → Λ
.
Z is again a pullback.
We recall the construction from [1, Part II, Chapter 2, pp. 151–178].
Let E be a subspace of X such that Sing(X) ⊂ E; let us consider a diagram of desingulariza-
tion of X
E˜
q
i
X˜
π
E
j
X
(2.2)
where X˜ is a smooth manifold, E˜ = π−1(E), and π induces by restriction an isomorphism
X˜ \ E˜  X \E.
By induction on dim(X) we can find complexes Λ.E and Λ
.
E˜
, corresponding to the spaces E
and E˜, a pullback
φ : Λ.E → Λ
.
E˜
(2.3)
a pullback
ψ : E .
X˜
→ Λ.
E˜
so that we define the complex
ΛkX = π∗EkX˜ ⊕ j∗ΛkE ⊕ (j ◦ q)∗Λ
k−1
E˜
(2.4)
whose differential is by definition
d(ω,σ, θ) = (dω,dσ, dθ + (−1)k(ψ(ω)− φ(σ))) (2.5)
Note that ΛkX is a fine sheaf on X.
From the construction of Λ.X it follows that there is a uniquely determined family (Xa,ha)a∈A
of smooth manifolds Xa , and proper holomorphic maps ha : Xa → X such that
ΛkX =
⊕
a∈A
(ha)∗Ek−q(a)Xa (2.6)
where q(a) = q
X
(a) is a nonnegative integer, which depends only on a ∈ A and not on k. More-
over, for couples (a, b) with q(a) = q(b)+ 1, there exist mappings hab : Xa → Xb , commuting
with ha and hb .
The family (Xa)a∈A will be called the hypercovering of X associated to the complex Λ
.
X , and
q
X
(a) will be the rank of Xa .
A differential form ω ∈ Γ (U,Λ.kX) is then a family (ωa),0  q(a)  n = dimX, with ωa ∈
Γ (h−1a (U),Ek−q(a)Xa ) and the differential is given by
d(ωa) =
(
dωa +
∑

(k)
ab h
∗
abωb
)
(2.7)b
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(ωa0), (ωa1), . . . , (ωaj ), . . .
)
, q(aj ) = j (2.8)
where ωaj ∈ Γ (h−1aj (U),Ek−jXaj ) and
dω =
(
(dωa0),
(
dωa1 +
∑
a0
(k)a1a0h
∗
a1a0ωa0
)
, . . . ,
(
dωaj +
∑
aj−1
(k)aj aj−1h
∗
aj aj−1ωaj−1
)
, . . .
)
(2.9)
In the sequel we write
(d1ω)aj =
∑
aj−1
(k)aj aj−1h
∗
aj aj−1ωaj−1 (2.10)
so that the Xb-component of dω is
(dω)b = dωb + (d1ω)b (2.11)
Let Λ˜kX the sheaf defined by
Λ˜kX(U) =
{
(ω,σ ) ∈ Γ (U,π∗Ek
X˜
⊕ j∗ΛkE
)
: ψ(ω) = φ(σ)} (2.12)
Then Λ˜kX injects into ΛkX as a subsheaf, and the restriction of the differential d makes (Λ˜
.
X, d)
a fine resolution of C on X. A form ω ∈ Γ (U, Λ˜.kX) is a family (ωa0), q(a0) = 0, with ωa0 ∈
Γ (h−1a0 (U),EkXa0 ) and d1(ωa0) = 0; the differential is given by
d(ωa0) = (dωa0) (2.13)
If h : X → Y is a morphism and φ : Λ.Y → Λ
.
X is a pullback associated to h, φ restricts to a
morphism φ : Λ˜.Y → Λ˜
.
X [3, Lemma 8, p. 547].
From the diagram (2.2) we can define other complexes of sheaves which resolve the constant
sheaf C on X. By induction on dim(X) we can find complexes C .E and C
.
E˜
, corresponding to the
spaces E and E˜, a pullback
φ : C .E → C
.
E˜
(2.14)
a pullback
ψ : C .
X˜
→ C .
E˜
where C .
X˜
is the usual Cech complex on X˜ so that we define the complex
CkX = π∗CkX˜ ⊕ j∗CkC ⊕ (j ◦ q)∗C
k−1
E˜
(2.15)
whose differential is by definition
δ(ω,σ, θ) = (δω, δσ, δθ + (−1)k(ψ(ω)− φ(σ))) (2.16)
CkX is a fine sheaf on X and the complex (C
.
X, δ) is a resolution of C on X.
From the construction of C .X it follows that
CkX =
⊕
a∈A
(ha)∗Ck−q(a)Xa (2.17)
where the C . are the usual Cech complexes on Xa .Xa
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Γ (h−1a (U),Ck−q(a)Xa ) and the differential is given by
δ(ωa) =
(
δωa +
∑
b

(k)
ab h
∗
abωb
)
(2.18)
The cochain ω will also be written as(
(ωa0), (ωa1), . . . , (ωaj ), . . .
)
, q(aj ) = j
where ωaj ∈ Γ (h−1aj (U),Ck−jXaj ) and
δω =
(
(δωa0),
(
δωa1 +
∑
a0
(k)a1a0h
∗
a1a0ωa0
)
, . . . ,
(
δωaj +
∑
aj−1
(k)aj aj−1h
∗
aj aj−1ωaj−1
)
, . . .
)
(2.19)
In the sequel we write
(d1ω)aj =
∑
aj−1
(k)aj aj−1h
∗
aj aj−1ωaj−1 (2.20)
so that the Xb-component of dω is
(δω)b = δωb + (d1ω)b (2.21)
The identity δ2 = 0 easily implies d21 = 0.
Let C˜kX the sheaf defined by
C˜kX(U) =
{
(ω,σ ) ∈ Γ (U,π∗Ck
X˜
⊕ j∗CkE
)
: ψ(ω) = φ(σ)} (2.22)
Then C˜kX injects into CkX as a subsheaf, and the restriction of the differential δ makes (C˜
.
X, δ) a
fine resolution of C on X.
A cochain ω ∈ Γ (U, C˜ .X) is a family (ωa0), q(a0) = 0, with ωa0 ∈ Γ (h−1a0 (U),CkXa0 ) and
d1(ωa0) = 0; the differential is given by
δ(ωa0) = (δωa0) (2.23)
From the construction of C˜ .X it follows that
C˜kX =
⊕
a∈A,q(a)=0
(ha)∗CkXa (2.24)
where the C .Xa are the usual Cech complexes on Xa .
The weight filtration W and the Hodge filtration F
We can rewrite Eq. (2.4) defining the complex Λ.X as
Λk = Ek ⊕Λk ⊕Λk−1 (2.25)X X˜ E E˜
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complex (Λ.X, d) is defined by the formula
FpΛkX = FpEkX˜ ⊕ FpΛkE ⊕ FpΛk−1E˜ (2.26)
where FpΛkE and FpΛ
k−1
E˜
are defined by recursion on the dimension of the spaces, and FpE .
X˜
is the usual Hodge filtration for the manifold X˜.
As well, the weight filtration W on the complex (Λ.X, d) is defined by the formula
WmΛ
k
X = WmEkX˜ ⊕WmΛkE ⊕Wm+1Λk−1E˜ (2.27)
In (2.27) WmΛkE and Wm+1Λ
k−1
E˜
are defined by recursion on the dimension of the spaces, and
WmE .
X˜
is Ek
X˜
for m 0 and is (0) for m< 0.
(Λ
.
X, d) is a filtered complex for Wm:
d
(
WmΛ
k
X
)⊂ WmΛk+1X (2.28)
By the isomorphism (2.1) the filtrations W and F induce a weight and a Hodge filtrations on
the cohomology spaces Hk(X,C), which we denote by the same symbols.
Let α ∈ Hk(X,C) be a cohomology class. Then α ∈ WmHk(X,C) if α can be represented by
a d-closed form ω ∈ Γ (X,ΛkX) as in (2.8), such that
∀j : 0 j < m, ωaj = 0 (2.29)
As well: α ∈ WmHk(X,C) if α can be represented by a δ-closed cochain ω ∈ Γ (X,CkX) as
in (2.21), satisfying (2.29).
If α is represented by a δ-closed cochain ω ∈ Γ (X, C˜kX), then α ∈ WmHk(X,C) if there exists
a cochain φ = (φaj ) ∈ Γ (X,Ck−1X ) such that ω − δφ satisfies (2.29), that is:
ωa0 − δφa0 = 0, δφaj − (d1φ)aj = 0 ∀j : 1 j m− 1 (2.30)
The spectral sequence associated to the weight filtration
For the spectral sequences (associated to a filtration) we use notations from [1], which are
different from those which usually appear in the literature. In our notation Em,kr , m is the degree
of the filtration and k is the degree of the complex (the degree of differential forms in the case of
the De Rham complex). In particular
dr : Em,kr → Em−r,k+1r
The reader who is willing to work with the more classical indices E′p,qr can use the following
dictionary:
Em,kr = E′−p,p+qr
E
′p,q
r = E−m,k+mr
Let us suppose that X is a compact complex space bimeromorphic to a Kähler manifold.
We consider the spectral sequence Em,kr attached to the weight filtration of the complex
Γ (X,Λ
.
X).
The following (highly nontrivial) results hold (Deligne [5], see also [6,7]).
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E
m,k
1 = Em,k1 (X) =
⊕
q(a)=−m
Hk−q(a)(Xa,C) (2.31)
[1, Part II, Chapter 3, Lemma (3.3)].
2) The spectral sequence degenerates at the level 2: dr = 0, hence Em,kr = Em,k2 , for r  2
[1, Part II, Chapter 3, Theorem (3.1)].
3) The second terms Em,k2 carry a pure Hodge structure, and they are isomorphic to the
graded quotients WmH
k(X,C)
Wm−1Hk(X,C)
of the cohomology Hk(X,C) with respect to the weight filtration
[1, Part II, Chapter 3, Theorem (3.4)].
4) The Hodge filtration on Em,k2 coincides with the filtration induced in cohomology by the
Hodge filtration of the complex Λ.X [1, Part II, Chapter 3, Theorem (3.4)].
3. Weakly holomorphic functions
Let (X,OX) be a reduced complex space, S = Sing(X). We denote by O˜X the sheaf of weakly
holomorphic functions on X; for any open subset U ⊂ X, Γ (U, O˜X) is the space of continuous
functions on U whose restriction to U \ S is holomorphic.
Remark 3.1. Let U ⊂ X be open, and Z ⊂ U a closed, nowhere dense subspace. A continuous
function on U which is holomorphic on U \Z is weakly holomorphic.
In fact such function is holomorphic on U \ Sing(X) by the Riemann extension theorem.
The following theorem is well known [4].
Theorem 3.2 (Cartan, Andreotti–Norguet). Let (X,OX) be a reduced complex space. The ringed
space Xw = (X, O˜X) is a reduced complex space; the natural mapping ν : Xw → X is a home-
omorphism and an isomorphism outside S = Sing(X).
Example 3.3.
1) Let X =⋃i Xi be a divisor with normal crossings, where the Xi are smooth divisors. Then
O˜X(U) is the sheaf of continuous functions on U whose restriction to each U ∩Xi is holo-
morphic.
2) Let us consider the diagram (2.2), where X˜ is smooth. The mapping π factors through ν:
there exists a mapping πw : X˜ → Xw such that π = ν ◦ πw . πw is a proper modification.
3) Let E be a smooth subspace of X. Then E˜ = ν−1(E) is a subspace of Xw , homeomorphic
to E (through ν). It follows that the normalization E˜(norm) of E˜ is isomorphic to E, so that
the inclusion of E into X factors through an embedding E → Xw .
4) Let E be a subspace of X. The inclusion i : E → X extends to a holomorphic mapping
Ew → Xw , which is an embedding almost everywhere. The proof goes as follows. It is
enough to prove that if U is a neighborhood of a smooth point m ∈ E and h ∈ Γ (U, O˜Xw),
the restriction h|E∩U is holomorphic at m. It is a local problem, hence we can suppose
U = X. Then by the previous example the inclusion of E ∩ U into U factors through
E ∩U → Uw , so that h|E∩U is holomorphic.
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f w : Xw → Yw .
Proof. We prove that if h ∈ Γ (V, O˜Y ) (V open in Y ), then h ◦ f ∈ Γ (f−1(V ), O˜X). We pro-
ceed by induction on the dimension of Y (the case dimY = 0 is obvious). We can suppose X
irreducible by Example 3.3(1). Let T = Sing(Y ). If f (X) ⊂ T , h|T∩V belongs to Γ (T ∩V, O˜T )
by Example 3.3(4), so that we conclude by induction (dimT < dimY ). If f (X) ⊂ T , the space
Z = f−1(T ∩ V ) is nowhere dense in f−1(V ); since h ◦ f is continuous on f−1(V ) and holo-
morphic on f−1(V ) \Z, we conclude by Remark 3.1. 
Corollary 3.5. Let us consider the diagram (2.2). Then there is a diagram
E˜w
qw
iw
X˜
πw
Ew
jw
Xw
(3.1)
where the mappings qw , πw , iw , jw extend q , π , i, j respectively. Moreover, πw is a proper
modification and iw , jw are almost everywhere embeddings.
Let X be a complex space of dimension n, and consider a triple (X˜,E, E˜) corresponding
to the diagram (2.2). Let ψX : E0
X˜
→ Λ˜0
E˜
, φX : Λ˜0E → Λ˜0E˜ the inner pullback corresponding
to the morphisms i and q . Recall that Λ˜0X consists of the f = (f0, g) ∈ E0X˜ ⊕ Λ˜0E such that
ψX(f0) = φX(g) in Λ˜0
E˜
.
Proposition 3.6.
A) Let f = (f0, g) ∈ Λ˜0X ⊂ E0X˜ ⊕ Λ˜0E . There exists a continuous function fˆ on X such that
f0 = fˆ ◦ π ; moreover fˆ |E = gˆ, where gˆ is the continuous function on E associated to g
(inductively defined ).
B) If h : X → Y is a morphism of complex spaces and φ : Λ.Y → Λ
.
X is a pullback correspond-
ing to h (so that φ(Λ˜0Y ) ⊂ Λ˜0X), one has φ̂(f ) = fˆ ◦ h.
Proof. Let us denote
(A)n the property A for spaces X with dimX = n;
(B)nm the property B for spaces X with dimX = n and Y with dimY = m.
The proof of the proposition reduces to the next three lemmas.
Lemma 3.7. Let h : X → Y is a morphism of complex spaces, with Y smooth, and φ : E .Y → Λ
.
X
a pullback corresponding to h. We suppose dimX = n, dimY = m, and the property (A)n. Then
for any f0 ∈ E0Y , φ̂(f0) = f0 ◦ h.
Proof. We apply (A)n to X to be sure that φ̂(f0) exists. The restriction of h to U = X \ Sing(X)
h|U : U → Y
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pullback of functions. It follows that φ̂(f0)|U = (f0 ◦ h)|U ; by continuity we obtain φ̂(f0) =
f0 ◦ h. 
Lemma 3.8. (A)p , p  n− 1 and (B)pq , p,q  n− 1, imply (A)n.
Proof. Let X be a complex space with dimX = n and consider a diagram (2.2). Since dim E˜ 
n − 1 and dimE  n − 1, by (A)n−1, gˆ and φ̂X(g) exist, and, by (B)n−1,n−1, φ̂X(g) = gˆ ◦ q .
On the other hand, ψX(f0) = φX(g) so that ψ̂X(f0) = φ̂X(g); by Lemma 3.7 one has ψ̂X(f0) =
f0 ◦ i; hence f0 ◦ i = gˆ ◦ q . It follows that f0 is a continuous function on X˜ which is constant on
the fibers of π . Since X is a topological quotient of X˜, there exists a continuous function fˆ on
X such that f0 = fˆ ◦ π and fˆ |E = gˆ. 
Lemma 3.9. (A)p , p  sup(m,n) implies (B)nm.
Proof. Let h : X → Y is a morphism of complex spaces, and φ : Λ.Y → Λ
.
X a pullback corre-
sponding to h, dimX = n, dimY = m. We proceed by induction on m, the case m = 0 being
trivial. First we suppose X irreducible. Let us consider the diagram of desingularization of Y
giving rise to the construction of Λ.Y :
F˜
q1
i1
Y˜
π1
F
j1
Y
(3.2)
where Y˜ is a smooth manifold, F˜ = π−11 (F ), and π1 induces by restriction an isomorphism
Y˜ \ F˜  Y \ F .
If h(X) is not included in F , U = X \ h−1(F ) is dense in X, and the restriction of h to
U lifts to a morphism of smooth manifolds h˜ : U → Y˜ \ F˜ ; it follows that for any f ∈ Λ˜0Y ,
φ̂(f )|U = (fˆ ◦ h)|U ; by continuity we obtain φ̂(f ) = fˆ ◦ h.
If on the contrary h(X) ⊂ F , by Definition 2.4 of [1, p. 158], the pullback φ factors through a
pullback
η : Λ.F → Λ
.
X
that is φ(f0, g) = η(g). Hence ̂φ(f0, g) = η̂(g), and since dimF <m we conclude by induction
that ̂φ(f0, g) = η̂(g) = gˆ ◦ h = fˆ |F ◦ h = fˆ ◦ h. 
The case X reducible easily reduces to the irreducible case (left to the reader).
Lemma 3.10. Let f = (f0, g) ∈ Λ˜0X ⊂ E0X˜ ⊕ Λ˜
0
E . Then fˆ = 0 implies f = 0.
In fact f0 = fˆ ◦ π = 0. Moreover gˆ = fˆ |E = 0. By induction on the dimension of the spaces
we obtain also g = 0. 
Let X be a complex space of dimension n, and consider a triple (X˜,E, E˜) corresponding to
the diagram (2.2). Let ψX : E .
X˜
→ Λ.
E˜
, φX : Λ.
E˜
→ Λ.E the inner pullback corresponding to the
morphisms i and q .
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∂ : Λ˜0X → Λ1X
by
∂(f, g) = (∂f, ∂g,ψX(f )− φX(g))
Let us denote
Ω0X = Ker ∂
Then
Proposition 3.11.
i) Ω0X = O˜X .
ii) Let h : X → Y be a morphism of complex spaces and φ : Λ.Y → Λ
.
X a pullback correspond-
ing to h; if f ∈ O˜Y , then φ̂(f ) ∈ O˜X and φ̂(f ) = fˆ ◦ h.
Proof of i). We define a linear map
ρ : O˜X → Λ0X
and we prove that ρ is injective and ρ(O˜X) = Ω0X . An element f ∈ O˜X is a continuous function
on X, holomorphic on X \ E (because Sing(X) ⊂ E); the restriction f |E is weakly holomor-
phic on E; by induction on the dimension of the spaces, g = f |E ∈ Ω0E . Let f0 = f ◦ π ; f0 is
weakly holomorphic, hence holomorphic on X˜. It follows that (f0, g) ∈ Ω0
X˜
⊕Ω0E ⊂ E0X˜ ⊕ Λ˜0E .
By Proposition 3.6 ψ̂X(f0) = f0 ◦ i = f |E ◦ q = gˆ ◦ q = φ̂X(g). By Lemma 3.10 we obtain
ψX(f0) = φX(g), so that (f0, g) ∈ Ω0X . By definition ρ(f ) = (f0, g). It is obvious that ρ is in-
jective. As to the surjectivity, any (f0, g) ∈ Ω0X induces a continuous function fˆ on X, such that
f0 = fˆ ◦ π ; it follows that fˆ is holomorphic on X \ E hence induces a weakly holomorphic
function f on X, such that ρ(f ) = (f0, g).
The proof of ii) is left to the reader (it is an easy consequence of the next corollary).
Corollary 3.12. For any open subset U ⊂ X
Γ (U, O˜X) = Ker
{
d1 :
⊕
q(a)=0
Γ
(
h−1a (U),OXa
)→ ⊕
q(b)=1
Γ
(
h−1b (U),OXb
)}
The corollary is the translation of the part i) of the proposition in terms of hypercoverings. 
4. The holomorphic cohomology groups
From now on, we equip all the (reduced) complex spaces with their sheaves of weakly holo-
morphic functions; that is OX = O˜X . In particular we construct the hypercoverings (Xa) of a
space X replacing each diagram (2.2) with the diagram (3.1). This construction works because
the singularities of Xw are contained in those of X.
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where I = (i0, . . . , iq) is a multiindex corresponding to an open covering U = (Ui) of X; then
by Proposition 3.11
φI = (φa0,I )q(a0)=0
where the φa0,I are Cech cocycles in Cq(h−1a0 (U),OXa0 ) subject to the condition d1(φa0,I ) = 0.
Hence the cocycle φ generates an element
Φ
(0)
X (φ) =
⊕
q(a0)=0
[φa0,I ]
belonging to
Ker
{
d1 :
⊕
q(a0)=0
Hq(Xa0
,OXa0 ) →
⊕
q(a1)=1
Hq(Xa1
,OXa1 )
}
= Ker {d1,W : (E0,q1,W )(0,q) → (E−1,q1,W )(0,q)}
= (E0,q2,W )(0,q) 
(
W0Hq(X,C)
W−1Hq(X,C)
)(0,q)
Hence we have defined a mapping
Φ
(0)
X : Hq(X,OX) →
(
W0Hq(X,C)
W−1Hq(X,C)
)(0,q)
Let
A
(q,0)
X : Hq(X,C) → Hq(X,OX)
be the natural mapping (not injective in general). Then
Lemma 4.1. The composition
Φ
(0)
X ◦A(q,0)X : Hq(X,C) →
(
W0Hq(X,C)
W−1Hq(X,C)
)(0,q)
is the natural projection
Hq(X,C) →
(
W0Hq(X,C)
W−1Hq(X,C)
)(0,q)
in particular the morphism
Φ
(0)
X : Hq(X,OX) →
(
W0Hq(X,C)
W−1Hq(X,C)
)(0,q)
(4.1)
is surjective.
Proof. A cohomology class of Hq(X,C) is represented as a Cech cocycle c = [cI ] ∈ C˜q(U ,C),
where I = (i0, . . . , iq) is a multiindex corresponding to an open covering U = (Ui) of X; then
by (2.24)
cI = (ca ,I )q(a )=00 0
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follows that
⊕
q(a0)=0 ca0,I detects an element
[cI ] ∈
⊕
q(a0)=0
Hq(Xa0
,C)
which decomposes as
[cI ] =
⊕
r+s=q
[cI ](r,s) ∈
⊕
q(a0)=0
H(r,s)(Xa0
)
It follows that
[cI ](0,q) ∈ Ker
{
d1 :
⊕
q(a0)=0
Hq(Xa0
,OXa0 ) →
⊕
q(a1)=1
Hq(Xa1
,OXa1 )
}
and it is clear that Φ(0)X (φ) = [cI ](0,q). 
If c = (cI ) ∈ W−lHq(X,C), there exists a cochain ψ = (ψaj ) ∈ Γ (X,Ck−1X ) such that c− δψ
satisfies:
ca0 − δψa0 = 0, δψaj − d1(ψaj−1) = 0 ∀j : 1 j  l − 1 (4.2)
in particular:
ca0 − δψa0 = 0
hence Φ(0)X sends W−1Hq(X,C) to zero, and the inclusion of W−1Hq(X,C) into Hq(X,OX)
factorizes through a morphism
A
(q,−1)
X : W−1Hq(X,C) → KerΦ(0)X
We define by induction on l a morphism
Φ
(l)
X : KerΦ(l−1)X →
(
W−lHq(X,C)
W−l−1Hq(X,C)
)(0,q−l)
Let us consider, as above, a cohomology class of Hq(X,OX), represented as a Cech cocy-
cle φ = [(φI )] ∈ Cq(U ,OX), where I = (i0, . . . , iq) is a multiindex corresponding to an open
covering U = (Ui) of X; it belongs to KerΦ(l−1)X if first it belongs to KerΦ(0)X : one has
(A)0 φa0,I =
(
δf
(0)
a0,J0
)
I
where (f (0)a0,J0) is a holomorphic (q −1)-cochain of OXa0 for a suitable refinement Ua0 of h−1a0 (U)
on Xa0 .
On the spaces Xa1 with q(a1) = 1 we consider
(B)1
(
d1
(
f
(0)
a0,J0
)
a1
)
which is a holomorphic (q − 1)-cocycle of OXa1 for a covering Ua1 on Xa1 which refines the
h−1a1a0(U), (q(a0) = 0) because δ and d1 commute. The set of cocycles (B)1 defines an element
of
⊕
q(a1)=1 H
q−1(Xa1 ,OXa1 ) which belongs to Ker d1 (because d21 = 0), hence to
Ker
{
d1,W :
(
E
−1,q)(0,q−1) → (E−2,q+1)(0,q−1)}1,W 1,W
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d1,W (E
0,q−1
1,W )
(0,q−1)
. It follows that we obtain a well defined element of
Ker
{
d1,W :
(
E
−1,q
1,W
)(0,q−1) → (E−2,q+11,W )(0,q−1)}
d1,W
(
E
0,q−1
1,W
)(0,q−1) = (E−1,q2,W )(0,q−1)

(
W−1Hq(X,C)
W−2Hq(X,C)
)(0,q−1)
which is, by definition, Φ(1)X ([(φI )]).
If φ = [(φI )] ∈ KerΦ(1)X ⊂ KerΦ(0)X , then d1(f (0)a0,J0) is in d1,W (E
0,q−1
1,W )
(0,q−1)
. so that there
exist holomorphic (q − 1)-cocycles (g(0)a0,J0) of OXa0 (in particular δ(g
(0)
a0,J0
)a1 = 0) such that
(A)1
(
d1
(
f
(0)
a0,J0
+ g(0)a0,J0
)
a1
)= (δf (1)a1,J1 )J0
where f (1)a1,J1 is a holomorphic (q − 2)-cochain of OXa1 . On the spaces Xa2 with q(a2) = 2 we
consider
(B)2
(
d1
(
f (1)a1,J1
)
a2
)
which is a holomorphic (q − 2)-cocycle of OXa2 (q(a2) = 2) because δ and d1 commute. The
set of cocycles (B)2 defines an element of
⊕
q(a2 )=2 H
q−2(Xa2 ,OXa2 ) which belongs to Ker d1,
hence to
Ker
{
d1,W :
(
E
−2,q
1,W
)(0,q−2) → (E−3,q+11,W )(0,q−2)}
If we choose a different representative for f (1)a1,J1 in (A)1, the result changes by an element of
d1,W (E
−1,q−1
1,W )
(0,q−2)
. It follows that we obtain a well defined element of
Ker
{
d1,W :
(
E
−2,q
1,W
)(0,q−2) → (E−3,q+11,W )(0,q−2)}
d1,W
(
E
−1,q
1,W
)(0,q−2) = (E−2,q2,W )(0,q−2)

(
W−2Hq(X,C)
W−3Hq(X,C)
)(0,q−1)
which is, by definition, Φ(2)X ([(φI )]).
...
Finally we arrive at
(A)l−1
(
d1
(
f (l−2)al−2,Jl−2 + g
(l−2)
al−2,Jl−2
)
a
l−1
)= (δf (l−1)a
l−1 ,Jl−1
)
J
l−2
and obtain
(B)l
(
d1
(
f (l−1)a ,
) )
l−1 Jl−1 al
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set of cocycles (B)l defines an element of
⊕
q(al )=l H
q−l (Xal ,OXal ) which belongs to Ker d1,
hence to
Ker
{
d1,W :
(
E
−l,q
1,W
)(0,q−l) → (E−l−1,q+11,W )(0,q−l)}
If we choose a different representative for f (l−1)a
l−1 ,Jl−1 in (A)l−1, the result changes by an element
of d1,W (E−l+1,q−11,W )(0,q−l). It follows that we uniquely obtain an element of
Ker
{
d1,W :
(
E
−l,q
1,W
)(0,q−l) → (E−l−1,q+11,W )(0,q−l)}
d1,W
(
E
−l+1,q
1,W
)(0,q−l) = (E−l,q2,W )(0,q−l)

(
W−lHq(X,C)
W−l−1Hq(X,C)
)(0,q−l)
which is, by definition, Φ(l)X ([(φI )]).
If we start with φ = A(q,−l)X ([(cI )]) where [(cI )] is an element of W−lHq(X,C), there exists
a cochain ψ = (ψaj ) ∈ Γ (X,Ck−1X ) such that c − δψ satisfies (4.2) (m = −l). This proves that
the composition
W−lHq(X,C)
A
(q,−l)
X−→ KerΦ(l−1)X
Φ
(l)
X−→
(
W−lHq(X,C)
W−l−1Hq(X,C)
)(0,q−l)
is the natural projection
W−lHq(X,C) →
(
W−lHq(X,C)
W−l−1Hq(X,C)
)(0,q−l)
In particular Φ(l)X is surjective.
We can proceed further along, arguing as above, obtaining the following result.
Theorem 4.2. Let X be a compact complex space bimeromorphic to a Kähler manifold, OX the
sheaf of weakly holomorphic functions.
i) There exists an increasing weight filtration W on the cohomology groups Hq(X,OX) given
by
W0H
q(X,OX) = Hq(X,OX)
W−lHq(X,OX) = KerΦ(l−1)X
where Φ(l)X is defined by induction as a morphism
Φ
(l)
X : KerΦ(l−1)X →
(
W−lHq(X,C)
W−l−1Hq(X,C)
)(0,q−l)
ii) The composition
W−lHq(X,C)
A
(q,−l)
X−→ KerΦ(l−1)X
Φ
(l)
X−→
(
W−lHq(X,C)
q
)(0,q−l)
W−l−1H (X,C)
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W−lHq(X,C) →
(
W−lHq(X,C)
W−l−1Hq(X,C)
)(0,q−l)
In particular Φ(l)X is surjective.
iii) H
q(X,OX)
KerΦ(q)X

q⊕
l=0
(
W−lHq(X,C)
W−l−1Hq(X,C)
)(0,q−l)
iv) For q = 1
Φ
(1)
X : KerΦ(0)X → W−1H 1(X,C)
is an isomorphism, so that the sequence
0 → W−1H 1(X,C) → H 1(X,OX) →
(
W0H 1(X,C)
W−1H 1(X,C)
)(0,1)
→ 0
is exact.
Only (iv) has not been proved yet.
A cohomology class of H 1(X,OX) is represented as a Cech cocycle φ = [(φI )] ∈ C1(U ,OX),
where U = (Ui)i∈I an open covering of X; then by Proposition 3.11
φI = (φa,I )q(a)=0
where the φa,I are Cech cocycles in C1(h−1a (U),OXa ) subject to the condition d1(φa,I ) = 0.
Since OX ⊂ C˜0X and C˜0X is a fine sheaf, there exist fa,i ∈ Γ (Ui, C˜0X) such that
φi0,i1 = fa,i0 − fa,i1 (4.3)
Of course by the definition of C˜0X
d1(⊕afa,i) = 0 (4.4)
We define
πa = ∂fa,i (4.5)
which is a global ∂-closed (0,1)-form on Xa so that
d1(⊕aπa) = 0 (4.6)
Hence
Φ
(0)
X (φ) =
⊕
q(a0)=0
[πa]
belonging to
Ker
{
d1 :
⊕
q(a)=0
H 1(Xa,OXa ) →
⊕
q(b)=1
H 1(Xb,OXb)
}
= Ker{d1,W : (E0,11,W )(0,1) → (E−1,11,W )(0,1)}
= (E0,12,W )(0,1) 
(
W0H 1(X,C)
1
)(0,1)
W−1H (X,C)
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πa = ∂ga (4.7)
where
ga ∈ Γ
(
Xa,E (0)Xa
)
Hence for all b, q(b) = 1
∂(
(
d1(⊕aga)b
)= 0
on Xb, so that
d1(⊕aga)b = cb (4.8)
is locally constant on Xb , and
Φ
(1)
X
([φ])= ⊕b[cb] ∈ Ker{d1,W : (E−1,11,W )→ (E−2,21,W )}
= E−1,12,W  W−1H 1(X,C)
We suppose now that Φ(1)X ([φ]) = 0; then
⊕bcb = d1(⊕aγa) (4.9)
where γa is a locally constant function on Xa ;
⊕aγa ∈
⊕
q(a)=0
H 0(Xa,C)
From (4.9) and (4.8) we get
d1
(⊕a(ga − γa))= 0 (4.10)
and from (4.7)
πa = ∂(ga − γa) (4.11)
and from (4.5)
∂
(
fa,i − (ga − γa)
)= 0 (4.12)
so that fa,i − (ga − γa) are holomorphic on h−1a (Ui). Finally from (4.3)
φi0,i1 = Fa,i0 − Fa,i1 (4.13)
where
Fa,i = fa,i − (ga − γa)
Because of (4.4) and (4.10)
d1(⊕aFa,i) = 0
hence ⊕aFa,i defines a holomorphic function on Ui and (4.13) means that φ is the zero class in
H 1(X,OX).
Corollary 4.3. The natural mapping
A
(q,−q)
X : W−qHq(X,C) → Hq(X,OX)
is injective.
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it follows that A(q,−q)X is injective.
Lemma 4.4. Let [c] ∈ W−1H 2(X,R) be a real class such that A(2,−1)X ([c]) = 0. Then [c] ∈
W−2H 2(X,R).
In fact Φ(1)X (A
(2,−1)
X ([c])) = 0, so that the class [c](0,1) of [c] in (W−1H
2(X,C)
W−2H 2(X,C)
)(0,1) vanishes.
Since [c] is real, its class [c](1,0) in (W−1H 2(X,C)
W−2H 2(X,C)
)(1,0) coincides by with the conjugate of [c](0,1),
hence vanishes too. It follows that the class of [c] in W−1H 2(X,C)
W−2H 2(X,C)
is zero, i.e. [c] ∈ W−2H 2(X,C)
and also [c] ∈ W−2H 2(X,R).
Theorem 4.5. Let X be a compact complex space bimeromorphic to a Kähler manifold. Let
[c] ∈ W−1H 2(X,R) be a real class such that A(2,−1)X ([c]) = 0. Then [c] = 0.
By Lemma 4.4, [c] ∈ W−2H 2(X,R). By Corollary 4.3 the mapping
W−2H 2(X,R) → H 2(X,OX)
is injective. Thus [c] = 0.
Corollary 4.6. Let X be a compact complex space bimeromorphic to a Kähler manifold, and F
a holomorphic line bundle on X. If c1(F ) ∈ W−1H 2(X,R) then c1(F ) = 0.
In fact F carries a holomorphic structure if and only if A(2,−1)X (c1(F )) = 0.
Remark 4.7. For q > 1 it can happen that the mapping A(q,−q)X is not injective. Then the ele-
ments of KerΦ(q)X are cohomology classes of H
q(X,OX) which are not associated to singular
cohomology classes.
5. Generalized holomorphic line bundles
Let X be a compact complex space bimeromorphic to a Kähler manifold, and F a topological
line bundle on X.
Let us consider a diagram (2.2). A generalized holomorphic line bundle F on X corresponding
to the diagram is a triple, denoted (F,gX) given by (F, (π∗F,h), (j∗F,gE)), where F → X is a
topological line bundle, h is a holomorphic structure on the line bundle π∗F → X˜, and (j∗F,gE)
is a generalized line bundle on j∗F → E, defined by induction on the dimension of the spaces
(dimE < dimX).
Generalized holomorphic line bundles on X restrict to generalized holomorphic line bundles
to any open subset of X.
A regular section of a generalized holomorphic bundle (F,gX) is a continuous section s of F
on X, such that s ◦ π is a holomorphic section of (π∗F,h) on X˜ and s ◦ j is a regular section of
(j∗F,gE) (inductively defined).
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holomorphic bundle. Moreover a holomorphic section of L is regular, and a regular section is
weakly holomorphic.
The bundles π∗F and j∗F are holomorphic; by induction on dimensions, the second carries a
natural structure of generalized holomorphic bundle on E. It follows that F carries a generalized
holomorphic structure.
It is clear that a holomorphic section of F is regular. Conversely, let s be a regular section
of F . Then it induces a continuous function on X whose restriction to X \ E is holomorphic;
hence it is weakly holomorphic.
Let F → X be a generalized holomorphic line bundle. As a topological line bundle, F has a
Chern class c1(F ) ∈ H 2(X,R).
Proposition 5.2. Let X be a compact complex space bimeromorphic to a Kähler manifold, and
F → X a generalized holomorphic line bundle. Then the class [c1(F )] of c1(F ) in W0H 2(X,C)W−1H 2(X,C)
has pure type (1,1).
For any compact space Y bimeromorphic to a Kähler manifold, we write the Hodge decom-
position as
W−lH k(Y,C)
W−l−1Hk(Y,C)
=
⊕
p+q=k−l
A
k,p,q
−l (Y ) (5.1)
By [1, Part II, Chapter 2, Theorem 3.8(iii), p. 204] there is a Mayer–Vietoris exact sequence
· · · → A1,p,q1 (E˜) → A2,p,q0 (X)
Φ(p,q)−→ A2,p,q0 (X˜)⊕A2,p,q0 (E) → ·· · (5.2)
for any (p, q) with p + q = 2. Since A1,p,q1 (E˜) = 0, Φ(p,q) is injective. Because π∗F is holo-
morphic, c1(π∗F) has pure type (1,1); as well, by induction on the dimensions of the spaces,
the class of c1(j∗F) in W−0H
2(E,C)
W−1H 2(E,C)
has pure type (1,1). As a consequence, Φ(p,q)([c1(F )]) = 0
for (p, q) = (2,0), (0,2). By the injectivity of Φ(2,0) and Φ(0,2), [c1(F )] has no components of
type (2,0), (0,2).
Conversely
Proposition 5.3. Let X be a compact complex space bimeromorphic to a Kähler manifold. Let c
be a class in W0H
2(X,C)
W−1H 2(X,C)
, of pure type (1,1). Any topological line bundle F on X such that the
class of c1(F ) in W0H 2(X,C)W−1H 2(X,C) coincides with c carries a structure of generalized bundle.
The proof is by induction on the dimension of X. By (5.2) (with (p, q) = (2,0), (0,2)) the
Chern class of π∗(F ) has pure type (1,1) on X˜, and the class of c1(j∗F) in W0H
2(E,C)
W−1H 2(E,C)
has
pure type (1,1). It follows that π∗(F ) carries a holomorphic structure, and (by induction on the
dimension) j∗F carries a generalized holomorphic structure.
Remark 5.4. Propositions 5.2 and 5.3 show that the notion of generalized holomorphic bundle
does not depend on the choice of the diagram (2.2).
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